*+ ΐk -\χ ,z 2 ), ( Here QH* denotes the indecomposable quotient.)
In § 1 we shall use a relation in the Steenrod algebra and the methods of [1] to produce a new factorization of Sq 16 . We then apply this factorization to show that H 23 (X) = 0. This implies that H*(X) is an exterior algebra on generators in degrees of the form 2 d -1, d > 3, with trivial action of the Steenrod algebra. In §2 we use the Cartan formula for secondary operations, [7] , and a particular factorization of the cube of a certain 8-dimensional cohomology class, [10] , to show that H l5 {X) = 0. In §3 we turn to the e-invariant, [14] , to complete our calculations by showing that no algebra generators for H*(X) exist in degrees greater than seven. Once it is shown that the mod 2 cohomology is exterior on 7-dimensional generators, it follows by the Bockstein spectral sequence that the rational cohomology has the same form. But since the rational cohomology is isomorphic to the Eoo term of the mod p Bockstein spectral for any prime p, it follows by [2] that H*(X; Z) has no odd torsion. Thus H*{X\Z) is torsion-free, and we may use the Hurewicz map together with the multiplication in X to obtain a homotopy equivalence 1. H 23 (X) . In this section we prove that there are no 23-dimensional generators in H*(X). We will also show that H*(X) is an exterior algebra with trivial action of the Steenrod algebra. We shall use the notation Sq z ' y to denote Sq'Sq 7 . We shall work in P2X, the projection plane of X. Recall that there is an exact triangle [3] H*(P 2 X) (1.9)
IH*(X)®IH*(X)
that relates P2X to X. This implies that 16, 18, 22) . Hence the reduced coproducts of the fy{Vij) are in the image of Steenrod operations, which are all zero. Hence the fγ{Vij) are primitive, so they are all zero. Therefore the lift f 2 exists.
In H 30 (E 2 ) there is an element v whose reduced coproduct is P 2 P\(h5) ® P 2 P\{h5) We shall show that the reduced coproduct of ./^(v) contains a term X\ 5 ® JC15, which will be a contradiction. Let us write the factorization of the //-deviation Df\ of f\ as
The map D determines elements in degrees 16, 18, and 22 of X AX. Checking possibilities, we see that the components in degrees 16 and 18 are zero, while we may express the component in degree 22 as for elements Xη j and X\sj in degrees 7 and 15 respectively. Use of the Cartan formula, [7] , now enables us to express the //-deviation of f 2 as the sum of terms in the image of Steenrod operations (which are all zero) together with terms of the form where the ψi are secondary operations. We need to check that it cannot happen for X\$j and ψi{xηj) both to be x\$. To determine the secondary operations involved here, we may consider the diagram , 11). In general, three-fold cup products in //*(/2^0 are all zero. By the hypotheses on X and (1.9), H*(P 2 X) = 0 in degrees 12, 15, and 17. So Sq 8 /**(5ώ 0 ,3) = 0. By [13] , Sq\y l6 ) = Σj'β.iOΊό,/, where the ysj and y\^9i correspond to x Ί j and X\s 9 i, respectively. So we obtain that ψi{xη j) cannot contain X\ 5 as a summand; hence thfe reduced coproduct Proof. Let x = x 2 *-i > ^ > 5, be a generator of lowest degree greater than seven. Let ξH*(X) denote the image of the cup-squaring map ξ(x) = χ 2 . Since H*(X) is associative, we may assume by [8] that Ax G ξH*(X)®H*(X) 9 which is trivial since ξH*(X) = 0. Hence x may be chosen to be primitive. We shall construct an operation similar to that in the proof of Theorem 1.4. Consider the following diagram: We note that in degrees below 2 k -1, H*(X) is concentrated in degrees divisible by seven. Since x is primitive, / is an //-map. Therefore D g f factors through the fiber of p\. Hence the formula for the //-deviation of a composition yields that D g y is in the image of primary operations in H*(X Λ X), so it is zero by Corollary 1. To simplify the situation, we loop the entire diagram to obtain ΩE 2
The oinvariant was introduced in [14] as the obstruction to an //-map between two homotopy-commutative //-spaces preserving the homotopy-commutative structure. There are various choices for this invariant, which depend on the choice of homotopy realizing the //-map. It was observed that if Y and Z are //-spaces and h: Y -> Z a map, then the composition We shall consider the oinvariant of the element An analysis of the Cartan formula [7] for secondary operations applied to diagrams 3.4 and 3.5 yields that w 2 *_ 2 = ψ(u 6 ), where ψ is a secondary operation defined on 6-dimensional primitives in the kernel of all Steenrod operations. We proceed to study all such operations. Note that ψ has degree 2 k -8. The possibilities come from the suspension elements in H 2 ~2{G), where G is the space defined as follows. Let G' be defined to be the fiber of the horizontal map g f in the diagram
So G is fibered as π: G -> #(Z, 6 has odd torsion, then for some odd prime p, there is an even generator of the form β\P n X2n+\ by [9] . Applying the Bockstein spectral sequence, this yields an odd generator in the rational cohomology of degree (2np + 2)p d -1 for d > 1. But
so H*(X; Z) has no odd torsion. Hence it is torsion-free. Therefore
H*{X\Z)
where deg( X ) = 7.
We now use the Hurewicz isomorphism to obtain our desired homotopy equivalence 
